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GROUP ACTIONS ON JACOBIAN VARIETIES
ANITA M. ROJAS
Abstract. Consider a finite groupG acting on a Riemann surface
S, and the associated branched Galois cover piG : S → Y = S/G.
We introduce the concept of geometric signature for the action of
G, and we show that it captures much information: the geometric
structure of the lattice of intermediate covers, the isotypical de-
composition of the rational representation of the group G acting
on the Jacobian variety JS of S, and the dimension of the subva-
rieties of the isogeny decomposition of JS. We also give a version
of Riemann’s existence theorem, adjusted to the present setting.
1. Introduction
We study the decomposition of Jacobians endowed with a group
action, the objective being to find equivariant decompositions of Jaco-
bians into factors of geometric significance [3]. Part of our study follows
the line presented in [8], where Ksir finds, in the case of a finite group
G acting on a Riemann surface S, the isotypical decomposition of the
analytical representation for the action of G on the corresponding Ja-
cobian variety. This is accomplished in [8] for groups whose rational
irreducible representations are absolutely irreducible.
We consider any finite group G, and use both representation theory
and group actions to find the isotypical decomposition of the rational
representation of the action of G on the Jacobian variety. We compute
the dimension of the subvarieties in the G−equivariant decomposition
of the Jacobian variety, in the sense of [3], Theorem 2.1. These results
are obtained in terms of the geometric signature for the action of G
on S, which generalizes the usual signature [2]. We give a definition in
Section 2.
We consider S a closed Riemann surface with an action of a finite
group G. This induces an action of G on the Jacobian variety of S,
denoted JS, whose rational representation ρQ is given by the action of
G on the rationalization H1(S,Z) ⊗ Q of the first homology group of
S. In order to obtain the isotypical decomposition of ρQ, we study the
action of G on JS through the action on the corresponding Riemann
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surface S. First we show that the geometric signature reflects the
complete geometric structure of the lattice of intermediate covers. In
this regard, we prove in Section 3
Theorem 3.7 Let S be a Riemann surface with G−action. Then there
is a bijective correspondence between geometric structures for the lattice
of the subgroups of G and geometric signatures for the action of G.
The fact that the geometric signature captures the information about
the intermediate covers allows us to implement an algorithm, supported
by G.A.P [6], which gives for any finite group G and any subgroup
H of G, the signature for the action of H on S; the genus of S/H
and the branch points of πH : S → S/H (associating them with the
branch points of πG : S → S/G). And the cycle structure of the other
covering, which is not necessarily Galois, πH : S/H → S/G over each
branch point of πG.
We also study, in Section 4, the existence of a Riemann surface with
an action of a group G with a given geometric signature. That is, we
adapt Riemann’s existence theorem to the setting of geometric signa-
ture (see Theorem 4.1). We remark that in [18], H. Vo¨lklein proved
similar results, but restricted to the case in which the quotient by the
G−action is the Riemann sphere. We allow any genus for the quotient.
Finally, we use the geometric signature to find an equivariant decom-
position for the rational representation of the group G acting on JS
(Theorem 5.10), and to find the dimension of each subvariety in this
isogeny decomposition of JS (Theorem 5.12). As a corollary, we obtain
that all of these dimensions are positive if the genus of the orbit surface
S/G is greater or equal than 2, which was obtained by different meth-
ods in [9], and conditions characterizing the situation when the orbit
surface has genus 1. We also present several examples of the geometric
signature and contrast it with the usual signature.
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2. Preliminaries
In this section we set up the notation and definitions used through-
out this work, as well as recall some known results. In this paper,
a Riemann surface is a connected, compact, one-dimensional complex
manifold without boundary, i.e. all surfaces here are closed.
The number of elements of a (finite) group G is denoted by |G|, and
the index of a subgroup H , by [G : H ]. An action of a group G on a
Riemann surface S is given by a monomorphism of the group G onto a
subgroup of the analytical automorphism group Aut(S) of S. We will
refer to the “automorphism”g in G. The branched cover associated to
the G-action will be denoted by πG : S → S/G. The orbit of a point
p ∈ S by the subgroup H ≤ G is denoted by OHp = {y ∈ S : y =
g(p) for some g ∈ H}, and the stabilizer in H of p ∈ S is the cyclic
([1], §3.10, p. 17) subgroup of H denoted by Hp = {g ∈ H : g(p) = p}.
We introduce the concept of geometric signature for the action of G
on S as a natural fusion between the known definitions of signature or
branching data [2] and of type of a branch value [13], which we now
recall.
A branched covering f : X → Y , between Riemann surfaces X and
Y , is by definition a surjective holomorphic map (in particular, non-
constant). A point in X is a branch point for f if f fails to be locally
one-to-one in there. The image of a branch point is a branch value of
f . Let B be the set of branch values of f . For q ∈ B consider its fiber
f−1(q) = {p1, ..., ps} ⊂ X . Then the cycle structure of f at q is the
s-tuple (n1, ..., ns) where nj is the ramification index of f at pj . That
is, f is nj-to-1 at pj , nj > 1.
Now let S denote a closed Riemann surface with G a group of confor-
mal automorphisms of G. Let {p1, . . . , pt} ⊂ S be a maximal collection
of non-equivalent branch points with respect to G (i.e. the pj are in
different G−orbits). For each j = 1, . . . , t, consider the stabilizer Gj
of pj. The signature or branching data [2] of G on S for the cover
πG : S → S/G is the tuple (γ;m1, . . . , mt), where γ is the genus of
S/G and mj = |Gj| for each j. Note that 0 ≤ t ≤ 2γ + 2, and that
there are restrictions on |G| and on the branching data that can occur
given by Riemann-Hurwitz formula
(2.1) g = |G|(γ − 1) + 1 +
|G|
2
t∑
j=1
(
1−
1
mj
)
,
where g denotes the genus of S, and γ that of S/G. We say that the
point πG(pj) ∈ S/G is marked with the number mj.
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Consider now Gj a (non-trivial) cyclic subgroup of G. According to
[13] a branch value q ∈ S/G is called of type Gj, if Gj is the stabilizer
of at least one point in the fiber of q. It is not difficult to show that if
there is a point p ∈ S with non-trivial stabilizer Gp, then the points in
its orbit have stabilizers running through the complete conjugacy class
of Gp. Hence we will call q ∈ S/G of type Cj if the stabilizer of the
points in its fiber are the elements of the (complete) conjugacy class
Cj of Gj. For the computations developed in the following sections, it
is not critical to know all the conjugacy classes of cyclic subgroups of
G. The type of the branch values can be given by a cyclic subgroup
Gj instead of a conjugacy class.
As above, let S be a closed Riemann surface and G a group of con-
formal automorphisms of S. Let {q1, . . . , qt} ⊂ S/G be a maximal col-
lection of branch values for the covering πG : S → S/G. We define the
geometric signature of G on S as the tuple (γ; [m1, C1], . . . , [mt, Ct]),
where γ is the genus of S/G, Cj is the type of the branch value qj
and mj is the order of any subgroup in Cj. It is clear that the mj are
unnecessary, given the Cj, but we keep them in order to show that this
concept is a generalization of the usual signature.
Consider now a lattice of subgroups of G. By the geometric structure
of the lattice we mean the complete information about all the interme-
diate quotients by each subgroup of the lattice; that is, the signature
of the covering πH : S → S/H , and the cycle structure for the covering
πH : S/H → S/G for each H in the lattice.
We need some known results of representation theory and group
actions on abelian varieties, that we include next. We refer to [4],
where the following definitions and results may be found. We denote
IrrF (G) the set of irreducible representations of G up to isomorphism,
over the field F . If ρ ∈ IrrC(G), then ρ : G → GL(U), where U is
a finite-dimensional complex vector space. For all subgroups H of G,
FixH(U) denotes the set of fixed points of U under the action of H ; and
for all subspaces V of U , dim(V ) is the complex dimension of V . We let
LU denote the field of definition of U and let KU = Q(χU(g) : g ∈ G)
denote the field obtained by adjoining to the rational numbers Q the
values of the character χU . Then KU ⊆ LU and ℓU = ℓQ(U) = [LU :
KU ] is the Schur index of U . As usual, we abuse notation by identifying
the representation with the underlying vector space.
The next result states the relation between Q-representations and
the G-equivariant isogeny decomposition of an abelian variety with G
action, in terms of the (abstract) group G involved.
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Theorem 2.1. ([9], [3]) Let G be a finite group acting on an abelian
variety A. Let W1, ...,Wr denote the irreducible Q−representations of
G up to isomorphism, and sj = dim(Uj)/ℓj, where Uj is a complex
irreducible representation associated to Wj and ℓj is the Schur index of
Uj.
Then there are abelian subvarieties B1, ..., Br, such that each B
sj
j
is G−stable and associated to the representation Wj, and there is a
G−equivariant isogeny A ∼ Bs11 × ...× B
sr
r .
It is important to remark that some of the varieties Bj ’s appearing in
the Theorem may be of dimension zero for some particular G−actions.
For instance, in the case of A being the Jacobian of a Riemann surface S
with G action, the variety B corresponding to the trivial representation
may be taken as the Jacobian of the Riemann surface S/G, whose genus
may be equal to zero.
3. Intermediate covers
In this section we describe the geometric structure of the lattice
of intermediate quotients (see Section 2) in terms of the geometric
signature.
Let S be a surface with G-action, consider p a point in S and OGp
its orbit. It is clear that the orbit OGp has cardinality ♯O
G
p = [G : Gp],
where Gp is the stabilizer in G of p. Moreover, q ∈ O
G
p if and only if
there exists h ∈ G such that q = h(p). Then Gh
−1
p := {hgh
−1 : g ∈
Gp} = Gq. By definition, to make packages in O
G
p (or to pack O
G
p ) is
to group the points in OGp into disjoint subsets, such that each subset
consists of all the points sharing the same subgroup of G as stabilizer.
Each one of these subsets is called a package, and the stabilizer asso-
ciated to a package is the stabilizer of the points in it. Hence on any
orbit, each package is formed by points with the same stabilizer; two
different packages have different, albeit conjugate, stabilizers.
Before stating our next result, let us fix some notation: NG(H) de-
notes the normalizer in G of the subgroup H , a left transversal of a
subgroup H is a set of elements of G which are representatives of the
left cosets of H in G, and H l
−1
:= {lgl−1 : g ∈ H}. The proof of the
following Lemma is straightforward.
Lemma 3.1. Given S a Riemann surface with G−action, let p be a
branch point in S. Then
(1) In OGp there are [G : NG(Gp)] packages. The stabilizer of any
point in a package in OGp is conjugate to Gp by an element of a
left transversal of its normalizer NG(Gp). Conversely, for any
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element l of a left transversal of NG(Gp) there is a package in
OGp whose points are stabilized by G
l−1
p .
(2) Every package has [NG(Gp) : Gp] points.
3.1. Signature for the covering πH : S → S/H. Let S be a Rie-
mann surface with G−action and let H be any subgroup of G. As the
covering πH is Galois, its structure is described by giving the signature
for the action of H . For this we need to compute the genus of S/H
and the branch values of πH in terms of the geometric signature for the
action of G. We first describe the genus of S/H as follows.
Proposition 3.2. Let S be a Riemann Surface with G−action of geo-
metric signature (γ; [m1, C1], . . . , [mt, Ct]). Then for each subgroupH ≤
G the genus of S/H is given by,
(3.2)
gS/H = [G : H ](γ−1)+1+
1
2
t∑
j=1
∑
l∈ΩGj
|NG(Gj)|
|H|
(
1−
|Gl
−1
j ∩H|
|Gj|
)
,
where Gj is a representative for the conjugacy class Cj, and ΩGj is a
left transversal of the normalizer NG(Gj) of Gj in G.
Proof. Consider the cover πH : S/H → S/G. We will prove the propo-
sition by computing the terms appearing in its corresponding Riemann-
Hurwitz formula:
(3.3) gS/H = [G : H ](γ − 1) + 1 +
b
2
where the ramification contribution b is obtained by considering the
three coverings involved. Namely, πG : S → S/G, πH : S → S/H , and
πH : S/H → S/G. First, we associate to any point of S its stabilizer for
the total covering πG. Using the geometric signature and Lemma 3.1,
we observe that for every branch value of Cj-type we have [NG(Gj) : Gj]
points on S with stabilizer Gl
−1
j (with Gj and l as in the Proposition).
For each one of these points, the stabilizer for the H−action has order
| Gl
−1
j ∩ H |, and the branch points for the covering π
H are precisely
those points for which this order is different from one. Therefore, for
any branch value of πG of type Gj and each l ∈ ΩGj , we have
[NG(Gj) : Gj]
|OHp |
=
[NG(Gj) : Gj] · |G
l−1
j ∩H|
|H|
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points with ramification index (| Gl
−1
j | / | G
l−1
j ∩H |)− 1. Thus, the
contribution b from the ramification divisor is
b =
1
2
t∑
j=1
∑
l∈ΩGj
[NG(Gj) : Gj]· | G
l−1
j ∩H |
| H |
(
| Gl
−1
j |
| Gl
−1
j ∩H |
− 1
)
.

Proposition 3.2 and its proof will prove useful in computing data
about the intermediate coverings beyond the genus, such as type of
branch values and cycle structure. The following Lemma allows us to
rewrite Equation 3.2, as in [8].
Lemma 3.3. Let G be a finite group having subgroupsH and K, and let
H\G/K be the corresponding set of double cosets. Then its cardinality
is given by
|H\G/K| =
∑
lj ∈ ΩK
[NG(K) : K] · |K
l−1j ∩H|
|H|
,
where ΩK is a left transversal of NG(K) in G.
Proof. Set n = |H\G/K| and consider the action ofH on the left cosets
IK of K in G given by multiplication on the left. Then the stabilizer
of gi ∈ IK in H is K
g−1i ∩H , and therefore the cardinality of the orbit
of gi under H is [H : K
g−1i ∩H ].
Let k = |IK/H| be the number of different orbits under the action
of H on IK . Then
[G : K] = |IK | =
k∑
i=1
|OH(giK)| =
k∑
i=1
[H : Kg
−1
i ∩H ] .
Hence k = n; that is, |IK/H| = |H\G/K|.
On the other hand, consider the action of G on IK given by multi-
plication on the left. Then the stabilizer of gi ∈ IK in G is K
g−1i . Let
us associate to each point gi ∈ IK its stabilizer in G. Then we have
the set IK divided into [G : NG(K)] packages, and each package has
[NG(K) : K] points associated to the same stabilizer. Consider now
the action restricted to H ≤ G. Then the stabilizer in H of an element
gi ∈ IK is K
g−1i ∩H . Therefore, the cardinality of the orbit |OH(giK)|
is |H|/|Kg
−1
i ∩ H|. Considering the action of H , for each package of
points with the same stabilizer in G we will have
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number of points in the package
cardinality of the orbit
=
[NG(K) : K] · |K
g−1i ∩H|
|H|
points in IK/H . Taking all the representatives of left cosets of NG(K),
we obtain all the packages of points in IK , and therefore the cardinality
of IK/H . 
Combining this lemma with Equation 3.2 we obtain a result in [8]
that will be used in the proof of Theorem 5.10.
Corollary 3.4. In the notation of Proposition 3.2, we have for any
subgroup H ≤ G,
(3.4) gS/H = [G : H ](γ − 1) + 1 +
1
2
t∑
j=1
([G : H ]− |H\G/Gj|) .
As the cover πH is Galois, the description of any branch value is
done by marking it with a number: the order of the stabilizer of any
point in its fiber. We will also mark other special points in S/H : the
points which are not branch values in S/H (for the cover S → S/H)
but which project to a branch value of the cover S → S/G will be
marked with a one. These points, together with the branch values, will
be called marked points for the cover S → S/H .
As in Proposition 3.2, for each j choose any element l1 ∈ ΩGj and
build the set
Lj1 :=
{
l ∈ ΩGj : |G
l−1
j ∩H| = |G
l−1
1
j ∩H|
}
.
If Lj1 ( ΩGj , choose any l2 ∈ ΩGj \ L
j
1 and form the corresponding
set Lj2 as before; and so on. Obviously this is a finite algorithmic
process. If we call νj the number of sets L
j
k obtained in this way, we
have
∑νj
k=1 |L
j
k| = [G : NG(Gj)]. With the above notation, we can
describe the marked points for the cover S → S/H as follows.
Proposition 3.5. Let S be a Riemann Surface with G−action and
geometric signature (γ; [m1, C1], . . . , [mt, Ct]). Then, there are
cjk := |L
j
k| ·

 [NG(Gj) : Gj]· | Gl−1kj ∩H |
| H |

 (1 ≤ j ≤ t, 1 ≤ k ≤ νj)
points on S/H marked with the number | G
l−1
k
j ∩ H | for the action of
H ≤ G.
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3.2. Cycle structure for the cover πH : S/H → S/G.
Proposition 3.6. Let S be a Riemann Surface with G-action and geo-
metric signature (γ; [m1, C1], . . . , [mt, Ct]), and let c
j
k be as in Proposi-
tion 3.5. Let q ∈ S/G be a branch value of type Cj for the total covering
πG : S → S/G. Then the cycle structure of π
H : S/H → S/G over q
is given by an Nj-tuple, where Nj =
∑νj
k=1 c
j
k, which is of the form
(. . . ,
|Gj |
|G
l−1
k
j ∩H|
, · · · ,
|Gj|
|G
l−1
k
j ∩H|︸ ︷︷ ︸
cj
k
− times
, . . .) .
Proof. This follows directly from Propositions 3.2 and 3.5. 
Propositions 3.2, 3.5 and 3.6 can be implemented algorithmically,
which we did using the software G.A.P. [6]. We do not include the
routines here, but they can be found in [12]. These propositions show
that the geometric signature determines the geometric structure for
the lattice of intermediate quotients under the action of H ≤ G, for all
subgroups H ≤ G. The converse is also true, as we show next.
Theorem 3.7. Let S be a Riemann surface with G−action. Then
there is a bijective correspondence between geometric structures for the
lattice of the subgroups of G and geometric signatures for the action of
G.
Proof. As we have seen in Propositions 3.2, 3.5 and 3.6, if we know the
geometric signature then we know the signature for πH : S → S/H and
cycle structure for πH : S/H → S/G for any subgroup H of G. That
is, we know the geometric structure for this lattice.
Conversely, to have G acting on S with two different geometric sig-
natures means that for at least one cyclic subgroup Gj , the number of
branch values of type Gj is different. If we take the quotient of S by
this Gj, the quotient projection will have different branching data in
both cases. In fact, the genus of S/Gj will be different in the two given
cases. 
4. Existence of a Riemann surface with G−action with a
given geometric signature
In this section we prove a result which allows us to assure not only
the existence of a Riemann surface with the action of a given (finite)
group, but at the same time allows control on the behaviour of the
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intermediate quotients and on the dimensions of the subvarieties ap-
pearing in the decomposition of its Jacobian, among other things. This
is a subtle difference (but important in our setting) with the usual Rie-
mann’s existence theorem (see [2], proposition 2.1, p. 239) and with
the work of Singerman (see [15], theorem 1, p. 320). We thank the
referee for pointing us the relation, of which we were not aware, be-
tween our approach and Singerman’s. Examples 4.2 and 4.3 illustrate
the difference, which relies mainly on point iii) of Theorem 4.1.
Following ([2], Def. 2.2, p. 239), we call a (2γ + t)−tuple
(a1, . . . , aγ, b1, . . . , bγ, c1, . . . , ct)
of elements of G a generating vector of type (γ;m1, . . . , mt) if the fol-
lowing conditions are satisfied:
i) G is generated by the elements {a1, . . . , aγ, b1, . . . , bγ , c1, . . . , ct};
ii) order(cj) = mj ;
iii)
∏γ
i=1[ai, bi]
∏t
j=1 cj = 1, where [ai, bi] = (ai · bi · a
−1
i · b
−1
i ).
Theorem 4.1. Given a finite group G, there is a compact Riemann
surface S of genus g on which G acts with geometric signature
(γ; [m1, C1], . . . , [mt, Ct]) if and only if the following three conditions
hold.
i) (Riemann-Hurwitz)
g = |G|(γ − 1) + 1 +
|G|
2
t∑
j=1
(
1−
1
mj
)
.
ii) The group G has a generating vector (a1, b1, . . . , aγ, bγ , c1, . . . , ct) of
type (γ;m1, . . . , mt).
iii) The elements c1, . . . , ct of the generating vector are such that the
subgroup generated by cj is in the conjugacy class Cj, j = 1, . . . , t.
Proof. Let us suppose first that there is a compact Riemann surface S
of genus g, where G acts with signature (γ;m1, . . . , mt). Condition (i)
is clearly satisfied. In order to prove conditions (ii) and (iii) we need
to find a generating vector for G of the desired type.
Consider the unit disc ∆ = {z ∈ C : |z| < 1}, the uniformization
theorem ([5], [7]) gives us the existence of a discrete torsion-free sub-
group Γ∗ of Aut(∆) such that S = ∆/Γ∗ and Aut(S) ∼= N(Γ∗)/Γ∗,
where N(Γ∗) is the normalizer of Γ∗ in Aut(∆). As G acts on S, there
is a Fuchsian subgroup Γ of N(Γ∗) containing Γ∗ as a normal subgroup
and such that G ∼= Γ/Γ∗.
Considering the natural isomorphism between ∆/Γ and S/G, we
have the following diagram:
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∆
τ

ν
))T
TT
TT
TT
TT
TT
T
S = ∆/Γ∗
πG
uukk
kk
kk
kk
S/G ∼= ∆/Γ
where all of the covers are Galois.
In our situation, the geometric signature (γ; [m1, C1], . . . , [mt, Ct])
allows us ([5], Theorem IV.9.12., p. 234) to conclude that there are el-
ements α1, β1, . . . , αγ, βγ, δ1, . . . , δt of Aut(∆) which generate the group
Γ which as the presentation
Γ =< α1, β1, . . . , αγ, βγ, δ1, . . . , δt : δ
m1
1 , . . . , δ
mt
t ,
γ∏
i=1
[αi, βi]
t∏
j=1
δj > .
Here we have written (t+ 1) relations after the colon. Furthermore,
the covering τ : ∆ → ∆/Γ = S/G has branch values in a finite set
{qj, j = 1, . . . , t} and its ramification index is mj for each j. Moreover,
according to ([1], §3.2, p. 8), the stabilizers of the points in the fiber
τ−1(qj) are the subgroups in the conjugacy class of < δj >.
Let θ be the isomorphism between Γ/Γ∗ and G. A generating vec-
tor of type (γ;m1, . . . , mt) for G consist of the images under θ of the
generating elements for Γ mod Γ∗:
(θ([α1]Γ∗), θ([β1]Γ∗), . . . , θ([αg]Γ∗), θ([βg]Γ∗), θ([δ1]Γ∗), . . . , θ([δt]Γ∗)) .
It remains to show that θ([δj ]Γ∗) ∈ Cj. Equivalently, we will show that
any branch value qj is of type θ([δj ]Γ∗) for j = 1, . . . , t.
Consider qj a branch value on S/G and a point u in its fiber under
τ . Without loss of generality we may assume that the stabilizer of u is
< δj >≤ Γ. Using the fact that the group acting on ∆/Γ
∗ is Γ/Γ∗, we
have that ν(u) ∈ π−1G (qj) with stabilizer < δj > Γ
∗/Γ∗ ≤ Γ/Γ∗, which
corresponds to the subgroup < θ([δj]Γ∗) >.
Conversely, suppose there is a tuple of generating vectors
(a1, b1, . . . , aγ, bγ , c1, . . . , ct) for G. Let Y be a compact Riemann sur-
face of genus γ, set B = {q1, . . . , qt} ⊂ Y and let q ∈ Y \B be a base
point. Then the fundamental group for Y \B has a presentation of the
form
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π1(Y \B, q) =< α1, β1, . . . , αγ, βγ, δ1, . . . , δt :
γ∏
i=1
[αi, βi]
t∏
j=1
δj > .
Let φ : G → S|G| be the permutation representation of G and define
the group homomorphism ρ : Π1(Y \ B, q) → S|G| by αi 7→ φ(ai),
βi 7→ φ(bi), for i = 1, . . . , γ and δj 7→ φ(cj), for j = 1, . . . , t.
The image of ρ is φ(G), which is a transitive subgroup of S|G|. There-
fore, there is an associated branched covering f : S → Y of degree |G|
and branch values in B. According to [10], this covering corresponds
to the subgroup
H = {[γ] ∈ Π1(Y \B, q) : ρ([γ]) ∈ S|G|−1 ∩ φ(G)} ∼= ker(ρ) .
Hence the Galois group of the regular covering f : S → Y is
Gal(f : S → Y ) ∼=
π1(Y \B, q)
f∗
(
π1(S \ f−1(B), p)
) = π1(Y \B, q)
ker(ρ)
∼= Imρ ∼= G .
Thus G acts on S and S/G ∼= Y . Furthermore, as the Riemann-
Hurwitz formula holds, the genus of S is g and the marked points
are {q1, . . . , qt}. Considering the natural homomorphism between the
fundamental group of S/G and G, we see that the type of qj is φ(cj).

Example 4.2. Consider the dihedral groupD4 =< x, y : x
4, y2, (xy)2 >.
There is a Riemann surface with D4-action with signature (0; 4, 2, 2).
In fact, it is the Riemann sphere, where D4 acts with geometric sig-
nature (0; [4, x], [2, y], [2, xy]). But there is no Riemann surface where
D4 acts and geometric signature (0; [4, x], [2, x2], [2, x2]), because we
cannot find a generating vector of D4 whose elements belong to these
conjugacy classes.
Example 4.3. Consider the Weyl group WC3 of type C3 [17], isomor-
phic to Z32⋊S3, where S3 =< a, b : a
3, b2, (ab)2 >. We denote by x, y, z
generators of Z32. Using Theorem 4.1, we can prove that there are two
actions of G on genus 3 surfaces, with different geometric signatures
given (0; [G5, 6], [G3, 4], [G1, 2]) and (0; [G5, 6], [G4, 4], [G2, 2]) where the
(different) conjugacy classes Gj are given by the following representa-
tives:
Repre- G1 = G2 = G3 = G4 = G5 =
sentative < xyzb > < yzab > < xyab > < yab > < xa2 >
Order 2 2 4 4 6
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First, we verify that condition (i) of the Theorem holds. Then, we
find a generating vector verifying conditions (ii) and (iii) for each case
as follows, c5 = xa
2, c3 = xyab and c1 = xyzb, for the first one; and
d5 = xa
2, d4 = zab and d2 = b, for the second one.
According to ([2], p. 255), these two actions are topologically equiv-
alent. Nevertheless, we see from Section 3 that since they have dif-
ferent geometric signatures, they also have different geometric struc-
tures for the lattice of intermediate quotients. In fact, consider H1 =<
y, z, xyzab > and H2 =< y, z, ab >, two non-conjugate subgroups of
order 8, both isomorphic to D4. Using Section 3, we can describe the
genus of the intermediate quotients of S by H1 and H2. In the first
case, the genus of the quotient by H1 is 0 and by H2 is 1. In the second
case the genus of the quotient by H1 is 1 and by H2 is 0.
As we will show on Section 5, this difference is also reflected in the
isotypical decomposition of the rational representation for the action
of G on the Jacobian variety JS of S.
In this case, we can find the affine equation for the surface with these
G−actions, S : y2 = x8 + 14x4 + 1. The two actions presented arise
from the existence of two different injections from the group WC3 to
Aut(S). We can summarize them as follows:
Case 1 c5 7→
x→ x+i
x−i
y → 4y
(x−i)4
c3 7→
x→ x−1
x+1
y → −4y
(x+1)4
c1 7→
x→ i
x
y → −y
x4
d4 7→
x→ x−1
x+1
y → 4y
(x+1)4
d2 7→
x→ i
x
y → y
x4
d5 7→
x→ x+i
x−i
y → 4y
(x−i)4
Case 2 d5 7→
x→ x+i
x−i
y → 4y
(x−i)4
c3 7→
x→ x−1
x+1
y → 4y
(x+1)4
c1 7→
x→ i
x
y → y
x4
d4 7→
x→ x−1
x+1
y → −4y
(x+1)4
d2 7→
x→ i
x
y → −y
x4
c5 7→
x→ x+i
x−i
y → 4y
(x−i)4
Remark 4.4. This is an useful example, although it is not new. As
Wolfart pointed in [20], it plays an important role in several respects,
he proved in [19] (theorem 5, p. 116), that it is the only exception to
the fact that compact Riemann surface of genus 3 with many automor-
phisms have Jacobians of CM type. The same is pointed in [16].
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5. Isotypical decomposition for the rational
representation
We start by giving some results which follow directly from the rep-
resentation theory in [4], [8] and [14]. Let U ∈ IrrC(G) be a complex
irreducible representation. We recall that ℓU is the Schur index of
U , and KU is a field extension of Q (see Section 2). We call the set
{Uσ : σ ∈ Gal(KU/Q)} the Galois class of U .
Theorem 5.1. ([4], §70, p. 479) Let {U1, . . . , Ur} be a full set of
representatives of Galois classes from the set IrrC(G) and let Kj = KUj .
Then for each rational irreducible representation W of G there exists
precisely one Uj satisfying
(5.5) W ⊗Q C ∼=
ℓj⊕
i=1
⊕
σ∈Gal(Kj/Q)
Uσj =:
( ⊕
σ∈Gal(Kj/Q)
Uσj
)ℓj .
Conversely, the right-hand side of (5.5) is the complexification of a
rational irreducible representation of G for each Uj.
Lemma 5.2. ([4], [14]) Let ρ : G → GL(U) be a complex irreducible
representation. Then dim
(
FixG(U ⊗ U
∗)
)
= 1.
Corollary 5.3. ([4], [14]) Let θ : G→ GL(V ) be a complex representa-
tion of the group G with isotypical decomposition V = Un11 ⊕ . . . .⊕U
ns
s ,
with ρj : G→ GL(Uj). Then:
1. dim
(
FixG(V ⊗ U
∗
j )
)
= nj for j = 1, . . . , s.
2. The representation of G on the space FixG(V ⊗U
∗
j ) is njρ0, with ρ0
the trivial one-dimensional representation of G.
3. The isotypical component U
nj
j is isomorphic as a G-module to
Uj ⊗ FixG(V ⊗ U
∗
j ).
Corollary 5.3 combined with Theorem 5.1, give the following decom-
position of any complex representation.
Theorem 5.4. (cf. [8]) Given a complex representation ρ : G →
GL(V ), we can write the isotypical decomposition for V as follows:
V ∼=
⊕
U∈IrrCG
U ⊗ FixG(V ⊗ U
∗) .
We use Theorems 5.4 and 5.1 to write the isotypical decomposition
for the complexification of any rational representation of G in the fol-
lowing way.
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Proposition 5.5. Let G be a finite group and consider {U1, . . . , Ur},
a set constructed by taking one representative from each Galois class of
all the complex irreducible representations of G. Then every rational
representation W of G can be written as,
W ⊗ C ∼=
r⊕
j=1
(⊕
σ
Uσj
)
⊗ Vj ,
where Kj = Q(χUj (g) : g ∈ G), Vj = FixG(W ⊗ U
∗
j ), and σ runs over
Gal(Kj/Q).
Proof. Just decompose the direct sum from Theorem 5.4 using the
Galois classes. 
When the group G acts on a Riemann Surface S, there is a naturally
associated rational representation ρQ : G → GL(H1(S,Z) ⊗ Q). We
want to find the dimension of each complex irreducible representation
in the complexification of ρQ. Applying Proposition 5.5 to ρQ we obtain
Corollary 5.6. Let S be a Riemann surface with G-action. Consider
a full set of representatives {U1, . . . , Ur} of the different Galois classes
of complex irreducible representations of G, and the rational represen-
tation ρQ for the action of G on the corresponding Jacobian variety.
Then ρQ ⊗ C ∼=
⊕r
j=1
(⊕
σ U
σ
j
)
⊗ Vj, where Kj = Q(χUj (g) : g ∈ G),
Vj = FixG(ρQ ⊗ U
∗
j ) and σ runs over Gal(Kj/Q).
The multiplicities we are looking for are precisely the complex dimen-
sions of the vector spaces Vj . We will use the information concerning
the intermediate coverings to find these dimensions.
Proposition 5.7. In the notation of Corollary 5.6, for each subgroup
H ≤ G we have
(5.6) dim
(
FixH(ρQ⊗C)
)
=
r∑
j=1
∑
σ∈Gal(Kj/Q)
dim
(
FixH(U
σ
j )
)
·dim(Vj) .
Proof. For any vector space V having a G-equivariant decomposition
V = U ⊕W , we have FixH(V ) = FixH(U) ⊕ FixH(W ), for all H ≤
G ≤ GL(V ). Using FixH(Vj) = Vj, we obtain from the decomposition
given by Corollary 5.6 that FixH(ρQ⊗C) ∼=
⊕r
j=1 FixH
(⊕
σ U
σ
j
)
⊗Vj.
Comparing dimensions, we obtain (5.6). 
Since dim
(
FixH(ρQ ⊗ C)
)
= 2gS/H for all H ≤ G ([5], §V.2.2.), eq.
(5.6) gives a square system of linear equations when H runs over the
set {H1, . . .Hr} of all cyclic subgroups of G up to conjugacy. The r
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unknowns are dim(Vj). To solve this system is equivalent to find the
multiplicity of each complex irreducible representation in the isotypical
decomposition of ρQ ⊗ C.
The system for the “unknowns”dim(Vi) is:
(5.7)
2gS/Hj =
r∑
i=1
dim(Vi) ·
∑
σ∈Gal(Ki/Q)
dim
(
FixHj (U
σ
i )
)
(j = 1, . . . , r) .
Our next step will be to show that the system 5.7 admits a unique
solution. We will prove this in Lemma 5.8, by showing the invertibility
of the r × r matrix Ω = (aij), where
aij :=
∑
σ∈Gal(Ki/Q)
dim
(
FixHj (U
σ
i )
)
.
After this, we will write down the solution in Theorem 5.10.
Lemma 5.8. The matrix Ω defined above is invertible.
Proof. Consider the complex character table of G arranged in the fol-
lowing way: the rows are indexed by representatives ci of the conjugacy
classes of elements of G arranged by increasing order (|ci| ≤ |ci+1|), the
columns are indexed by the complex irreducible characters χi arranged
in packages of complete Galois classes. The coefficients of the table are,
as usual, the value of the character on the representative. To simplify
notation, we consider σ as being in the appropriate Galois group. The
table looks as follows:
χ1 χ
σ
1 . . . χj χ
σ
j . . .
c1 χ1(c1) χ
σ
1 (c1) . . . χj(c1) χ
σ
j (c1)
...
...
...
...
...
...
...
...
cs χ1(cs) χ
σ
1 (cs) . . . χj(cs) χ
σ
j (cs) . . .
which defines an invertible s × s matrix A, due to the orthogonality
relations of characters. We will use this fact to show that Ω is also
invertible.
Let B be the s × r matrix resulting from adding the columns of A
associated to representations of the same Galois class. This matrix B
has maximal rank r, where r is the number of cyclic subgroups of G
up to conjugacy. Call θj the following class function
θj :=
∑
σ∈Gal(Kj :Q)
χσj .
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We can write B as follows:
θ1 . . . θj . . . θr
c1 θ1(c1) . . . θj(c1) . . . θr(c1)
. . . . . . . . . . . . . . . . . .
cs θ1(cs) . . . θj(cs) . . . θr(cs)
.
As θj(ci) = θj(ck), when < ci > and < ck > are conjugate cyclic
subgroups of G, we erase some rows of B and keep just one row among
those corresponding to elements generating conjugate subgroups of G.
Thus we obtain a new invertible square matrix B′ of size r:
θ1 . . . θj . . . θr
c1 θ1(c1) . . . θj(c1) . . . θr(c1)
. . . . . . . . . . . . . . . . . .
cr θ1(cr) . . . θj(cr) . . . θr(cr)
,
where ci is now a representative of the set we denote by [ci], consisting
of all the elements of the conjugacy class of ci and all the elements
of the conjugacy class of cj when ci and cj generate conjugate cyclic
subgroups of G.
On the other hand, Ω is a square matrix of size r with coefficients
given by
aij :=
∑
σ∈Gal(Ki/Q)
dim
(
FixHj (U
σ
i )
)
=
1
|Hj|
∑
σ∈Gal(Ki/Q)
∑
h∈Hj
χi(h) .
Rearranging the sums and using the notation above, we obtain
aij =
1
|Hj|
∑
h∈Hj
θi(h) =
1
|Hj|
r∑
k=1
θi(ck)
∣∣[ck] ∩Hj∣∣ .
We also rearrange Ω using the same order as for B′. It is clear that
every row i of Ω results from elementary operations applied to the rows
k = 1, . . . , i of B′. As B′ is invertible, so is Ω. 
Lemma 5.9. In the notation of Lemma 3.3, we have
|H\G/K| =
1
|H|
∑
a∈H
|G| · |K ∩ a¯|
|K| · |a¯|
where a¯ means the conjugacy class of a in G.
Proof. Following the proof of Lemma 3.3, the idea is to obtain the
cardinality of IK/H in a different way. The cardinality of the orbit of
gi ∈ IK under a ∈ H is |a¯|/|a¯∩K|. The number of orbits on IK under
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a ∈ H [G : K] · |a¯ ∩K|/|a¯|. Therefore, the number of H−orbits in IK
is
∑
a∈H
|G| · |K ∩ a¯|
|K| · |a¯|
.

Theorem 5.10. Let G be a finite group acting on a Riemann surface S,
with geometric signature (γ; [m1, C1], . . . , [mt, Ct]). For each non trivial
complex irreducible representation θi : G→ GL(Ui), the multiplicity ni
of θi in the isotypical decomposition of ρQ ⊗ C is given by
(5.8) ni = 2dim(Ui)(γ − 1) +
t∑
k=1
(
dim(Ui)− dim(FixGk(Ui))
)
where Gk is a representative of the conjugacy class Ck.
Proof. As we noted before Proposition 5.7, the multiplicity ni of each
complex irreducible representation in the isotypical decomposition of
ρQ, corresponds to the factor dim(Vi) in (5.7). The idea of the proof is
to replace in (5.7) the expression 5.8 for ni and the expression for gS/Hj
given in Corollary 3.4, and to then verify that we indeed have equality.
In the following we omit some parentheses in order to simplify the
notation. We write the multiplicity for the trivial complex representa-
tion U1, which we know is 2γ, in the same way
(5.9) n1 = dimV1 = 2+2 dimU1(γ−1)+
t∑
k=1
(dimU1−dimFixGk U1) .
On the other hand, we rewrite each equation (5.7) producing a new
system
(5.10) 2gS/Hj = n1
∑
σ∈Gal(K1:Q)
dimFixHj U
σ
1 +
r∑
i=2
ni
∑
σ
dimFixHj U
σ
i
where j = 1, . . . , r, and in the second sum σ runs over Gal(Ki/Q).
Replacing in (5.10) the expressions for n1 and ni (i = 2, . . . , r) given
in (5.9) and (5.8), we obtain:
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2gS/Hj =∑
σ
dimFixHj U
σ
1
(
2 + 2 dimU1(γ − 1) +
t∑
k=1
(dimUi − dimFixGk Ui)
)
+
r∑
i=2
(∑
σ
dimFixHj U
σ
i
)(
2 dimUi(γ − 1) +
t∑
k=1
(dimUi − dimFixGk Ui)
)
where σ runs over the appropriate Galois group. Grouping the term
for U1 with the sum and simplifying, the system now looks as follows:
(5.11) gS/Hj = 1+
r∑
i=1
∑
σ
dimFixHj U
σ
i
(
dimUi(γ−1)+
1
2
t∑
k=1
(dimUi−dimFixGk Ui)
)
.
We compare, term by term, the expressions for gS/Hj given by (5.11)
versus the one given by Equation (3.4), taking H = Hj . The terms
corresponding to the factor (γ − 1) are
r∑
i=1
∑
σ∈Gal(Ki/Q)
(
dimFixHj U
σ
i
)
dimUi vs.
|G|
|Hj|
For the left term we have
r∑
i=1
∑
σ∈Gal(Ki/Q)
(
dimFixHj U
σ
i
)
dimUi =
1
|Hj|
∑
h∈Hj
r∑
i=1
∑
σ
χσi (h)χi(id)
but χi(id) = χ
σ
i (id) for all σ in the corresponding Galois group and for
all i. Thus, the former is equal to
1
|Hj|
∑
h∈Hj
χREG(h) =
|G|
|Hj|
.
The terms associated to the geometric signature are
r∑
i=1
∑
σ∈Gal(Ki/Q)
(dimFixHj U
σ
i )
(1
2
t∑
k=1
(dimUi − dimFixGk Ui)
)
vs.
1
2
t∑
k=1
( |G|
|Hj|
− |Hj\G/Gk|
)
.
It is then clear that all that remains to prove is the equality
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r∑
i=1
∑
σ∈Gal(Ki/Q)
(dimFixHj U
σ
i )(dimFixGk Ui) = |Hj\G/Gk| .
The left term may be written as follows
(5.12)
1
|Hj| · |Gk|
r∑
i=1
∑
σ∈Gal(Ki/Q)
( ∑
a∈Hj
∑
b∈Gk
χσi (a)χ
σ
i (b)
)
,
using the next two known results [4],
|G|
|g¯|
=
∑
χ∈IrrC G
χ(g)χ(g) =
r∑
i=1
∑
σ∈Gal(Ki/Q)
χσi (g)χ
σ
i (g) ,
∑
χ∈IrrCG
χ(g1)χ(g2) =
r∑
i=1
∑
σ∈Gal(Ki/Q)
χσi (g1)χ
σ
i (g2) = 0
if g1 is not conjugate to g2.
Thus, the term of Equation 5.12 vanishes unless b ∈ Gk is conjugate
to a ∈ Hj. In this case it is equal to |G|/|a¯|, and this happens precisely
on |Gk ∩ a¯| elements of Gk. Using Lemma 5.9, the Theorem is proved.

Corollary 5.11. Let G be a finite group acting on a Riemann surface
S with geometric signature (γ; [m1, C1], . . . , [mt, Ct]). Then for each
non trivial rational irreducible representation Wi of G, the multiplicity
ei of Wi in the isotypical decomposition of ρQ is given by
(5.13) ei =
2dim(Ui)(γ − 1) +
∑t
k=1(dimUi − dimFixGk Ui)
ℓi
,
where Gk is a representative of the conjugacy class Ck, dim(Ui) is the
dimension of the complex irreducible representation associated to Wi,
and ℓi is the Schur index of Ui.
We can compute (in terms of the geometric signature) the dimension
of each subvariety in the isogeny G−equivariant decomposition of the
Jacobian variety as follows (cf. Theorem 2.1).
Theorem 5.12. Let G be a finite group acting on a Riemann surface S
with geometric signature (γ; [m1, C1], ..., [mt, Ct]). Then the dimension
of any subvariety Bi associated to a non trivial rational irreducible
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representation Wi, in the G−equivariant isogeny decomposition of the
corresponding Jacobian variety JS, is given by
(5.14) dimBi = ki
(
dimUi(γ − 1) +
1
2
t∑
k=1
(dimUi − dimFixGk Ui)
)
,
where Gk is a representative of the conjugacy class Ck, dimUi is the
dimension of a complex irreducible representation Ui associated to Wi,
Ki = Q(χUi(g) : g ∈ G), ℓi is the Schur index of Ui, and ki = ℓi ·
|Gal(Ki : Q)|.
Proof. Consider the decomposition of JS given in Theorem 2.1
JS ∼ Bs11 × ...×B
sr
r
where si = dim(Ui)/ℓi. Thus, each G−stable factor B
si
i has dimension
dim(Bi) dim(Ui)/ℓi. Comparing the dimension of each factor with the
isotypical Q−decomposition for ρQ given in Corollary 5.11, we have
2
dim(Bi) dim(Ui)
ℓi
= dim(Ui)ℓi|Gal(Ki : Q)|ei ,
where ei is the multiplicity given in Corollary 5.11. 
We observe that even though Bi is defined only up to isogeny, its
dimension is well defined.
It follows immediately from (5.14) that if γ ≥ 2, then the dimension
of each subvariety Bi in the G−equivariant decomposition of JS is
positive, a result already obtained in [9]. If γ = 0, then we know that
at least the dimension of B1 (corresponding to the trivial representation
of G) is zero.
In our next result we analyze the case γ = 1.
Corollary 5.13. In the notation of Theorem 5.12, assume that γ = 1.
Consider Bi a subvariety associated to a non trivial representation Wi,
and Ui a complex irreducible representation associated to Wi.
Then the following conditions are equivalent.
(1) The dimension of Bi is 0;
(2) Ck ⊆ ker(Ui) for all k = 1, . . . , t;
(3) the covering πkerUi : S/ kerUi → S/G is unramified;
(4) the genus of S/ kerUi is 1.
Moreover, if dimBi = 0 then the degree of Ui is 1.
Proof. Suppose dim(Bi) = 0. Then from equation (5.14) we obtain
that dim(Ui) = dim
(
FixGk(Ui)
)
for all Gk.
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Therefore Gk ≤ ker(Ui) for all k. As ker(Ui) is a normal subgroup
of G, Glk ≤ ker(Ui) for all l ∈ G, and we obtain (2). Furthermore, the
ramification divisors for the coverings πG : S → S/G and πker(Ui) : S →
S/ ker(Ui) coincide, and therefore the covering π
kerUi : S/ kerUi →
S/G is unramified. Computing Riemann-Hurwitz for this covering, we
obtain that the genus of S/ ker(Ui) is one.
In general, the Jacobian variety J(S/ kerUi) decomposes as the fol-
lowing product (see [3])
J(S/ kerUi) ∼ ×jB
<IndG
kerUi
1,Uj>
j .
In particular, Bi appears in this decomposition with positive exponent.
If the genus of S/ kerUi is 1, all the subvarieties appearing on the
decomposition of J(S/ kerUi) with positive exponent, except the one
associated to the trivial representation, have dimension 0 (in particular
Bi), completing the proof of the equivalences.
For the proof of the last statement, consider the natural epimorphism
φ : G → G/ kerUi. If {a, b, c1, ..., ct} is a generating vector for G,
then {a := φ(a), b := φ(b)} is a set of generators for G/ kerUi. Since
[a, b] = φ([a, b]) = 1, G/ kerUi is abelian. Consider the representation
θi of G/ kerUi determined by θi (the representation afforded by Ui);
i.e., for k ∈ G/ kerUi define θi(k) = θi(k), where k is a representative
for k. It is a well defined representation; moreover, it is irreducible if
and only if θi is, and its degree is the same as the degree of θi. As
G/ kerUi is abelian, the degree of θi is 1.

Example 5.14. Consider the group G = Z/4Z, the cyclic group of
order 4, with generator x. G has three rational irreducible represen-
tations: the trivial one θ0, another of degree one θ1, and θ2 of degree
2.
It acts on a Riemann surface S of genus 3 ([2, Table 5]), with signa-
ture (1; 2, 2). For this signature the only possibility for the stabilizer
of points is H =< x2 >. Computing the intermediate covering for the
subgroup H , we see that S/H has genus one and πH : S/H → S/G
is a degree two unramified covering. Computing the dimension of the
subvarieties on the isogeny decomposition of JS, we obtain that the
dimension of the subvariety B1 (corresponding to θ1) is 0.
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Theorem 5.10 states that the geometric signature for the action of
a group G on a Riemann surface S determines the isotypical decom-
position for the rational representation for the action of G on the cor-
responding Jacobian variety. The converse is also true, as we show
next.
Theorem 5.15. Let S be a Riemann surface with G−action. Then the
geometric signature of the action of G uniquely determines the isotypi-
cal decomposition for the complexification of the rational representation
for the action of G on the corresponding Jacobian variety. Conversely,
this decomposition uniquely determines the geometric signature for the
action.
Proof. The forward implication is Theorem 5.10. Conversely, if we have
two different geometric signatures, we know by Theorem 3.7 that the
genera of the intermediate quotients by the cyclic subgroups of G are
different in at least one case. Considering (5.7), we have the same
matrix Ω but different values of gS/Hj . Thus, both solutions must be
different. 
Example 5.16. Continuing with Example 4.3, we want to show that
the two different injections of G into Aut(S) give two different de-
compositions for the rational representation associated to the action
of WC3 on the Jacobian variety corresponding to S. Therefore, there
are two different ways of describing the subvarieties appearing in the
isogeny decomposition of JS.
WC3 has ten rational irreducible representations, all of them are
absolutely irreducible. Computing the multiplicity of each one in the
isotypical decomposition of ρQ⊗C by using Theorem 5.10, we find that
in the first case just one representation, θ1, has multiplicity different
from 0 in fact, the multiplicity is 2. In the second case, again just one
representation has multiplicity different from 0 (again, the multiplicity
is 2), but it is θ2 in this case. The characters of these representations
of WC3 are as follows:
 Id xyz xy xyzb zyb x zyab xyza2 yza2 zabθ1 3 −3 −1 −1 −1 1 1 0 0 1
θ2 3 −3 −1 1 1 1 −1 0 0 −1


If we compute the dimensions of the respective components of the
isogeny decomposition of the corresponding Jacobian variety, we find
that in both cases the corresponding Bj (cf. Theorem 2.1) has complex
dimension one. Therefore, in both situations JS is isogenous to a
product of three elliptic curves. In the first situation G acts through
the representation θ1, and in the other one through θ2.
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